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We report low temperature electron spin resonance experimental and theoretical studies of an
archetype S = 1/2 strong-rung spin ladder material (C5H12N)2CuBr4. Unexpected dynamics is
detected deep in the Tomonaga-Luttinger spin liquid regime. Close to the point where the system
is half-magnetized (and believed to be equivalent to a gapless easy plane chain in zero field) we
observed orientation-dependent spin gap and anomalous g-factor values. Field theoretical analysis
demonstrates that the observed low-energy excitation modes in magnetized (C5H12N)2CuBr4 are
solitonic excitations caused by Dzyaloshinskii-Moriya interaction presence.
PACS numbers: 75.10.Jm, 76.30.-v
FIG. 1. Schematic representation of BPCB crystal structure.
I and II mark two types of ladders, D1,D2 - DM vectors
directions, dashed line marks the N direction as described in
the text.
Understanging quantum many-body systems has al-
ways been a challenge. However, some exact solutions
can be found for 1D systems [1]. There is a rich variety
of low-dimensional magnets which could be approached
in terms of Tomonaga-Luttinger spin liquid [2–4]. One
of the simplest and well described model for demonstrat-
ing the presence of Tomonaga-Luttinger spin liquid state
(TLSL) is a two-leg spin ladder [5–7]. Such a system
has a gap in energy spectrum below the first critical field
and is expected to have gapless spectrum in TLSL phase
above the first critical field Bc1 up to the saturation field
Bc2 [8, 9]. Moreover, mapping of the strong-rung spin
ladder onto the exactly soluble XXZ spin chain can be
realized in region between Bc1 and Bc2 [10–13].
In the real systems anisotropic spin interactions are
always present. They typically lead to significant low
energy spectrum changes [14–18]. Incorporating effects
of such perturbations in TLSL description is one of the
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FIG. 2. ESR absorption spectra at T=450 mK at different
microwave frequencies. Left panel: magnetic field orientation
B ‖ b. Right panel: magnetic field orientationB ‖ N . A1, A2,
C1, C2, C3, C4 mark different ESR absorption components
for both orientations.
challenges in the research on 1D magnetic systems. How-
ever, not so many experimental methods allow to study
the anisotropy induced effects in detail. Electron spin res-
onance spectroscopy (ESR) is perfectly suitable for this
goal as it routinely allows energy resolution ∼ 0.005 meV
at q = 0.
In this Letter we report experimental and theoretical
ESR studies for an archetype strong rung spin ladder
model material (C5H12N)2CuBr4 (called BPCB) [6, 12,
19, 20]. At low temperatures around the field corre-
sponding to half-saturation of BPCB (i. e. deep in the
TLSL regime) we found a gapped spectrum with unusual
frequency-field dependencies. The conventional Heisen-
berg spin Hamiltonian of BPCB does not capture this
behavior, as it predicts a complete softening of q = 0
excitations near the half-saturation field. Field theoreti-
cal analysis shows that the symmetry allowed pattern of
Dzyaloshinskii–Moriya interaction (which can be accom-
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FIG. 3. Temperature dependence of ESR absorption signal
for ν=31.8 GHz, sample orientation corresponds to B ‖ b.
Insert: resonance field temperature dependence for both ESR
absorption components, circles – left component, squares –
right component. Vertical bars show full ESR linewidths at
halfheight for both components.
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FIG. 4. Frequency-field dependencies for both studied orien-
tations B ‖ N and B ‖ b at T=450 mK. Symbols – experimen-
tal data, solid curves – fit by Eqn. (1), dashed lines – isotropic
model with experimentally measured g-factors. A1, A2, C1,
C2, C3, C4 mark different ESR absorption components for
both orientations. The errorbars are within the symbol size.
panied by symmetric anisotropic exchange interactions)
results in formation of low energy solitons in the spec-
trum of BPCB. The predicted field dependencies match
the experimental results well and the gap variation with
the field direction fixes the orientation of Dzyaloshinskii–
Moriya vectors.
The material BPCB, crystallizing in a P21/c mono-
clinic space group [21], represents an almost ideal S =
1/2 strong rung spin ladder model. The Cu2+ magnetic
ions form a “rung” S = 1/2 dimer pairs with coupling
J⊥ ' 12.7 K. Each dimer hosts an inversion center in
the middle. The dimers are in turn coupled into ladders
by the interaction J‖ ' 3.54 K (Fig. 1). In zero mag-
netic field this results in a quantum disordered singlet
ground state with the gapped “triplon” S = 1 magnetic
excitations, the gap value being ∆ZF ' 9.2 K. Between
the gap closing field Bc1 = 6.6 T and the saturation field
Bc2 = 13.6 T [11, 20] the antiferromagnetic order exists
below T ' 0.1 K. Above this threshold temperature it is
replaced by a strongly correlated TLSL state, persisting
up to 1.5 K [22]. Importantly, BPCB has two types of
identical ladders oriented differently. They are equivalent
for the field direction B ‖ b, and are most inequivalent
for B ‖ (bc) at 45◦ from b axis [23, 24]. This special ori-
entation is denoted B ‖ N . Low symmetry of BPCB also
allows anisotropic Dzyalloshinskii-Moriya (DM) interac-
tion on the ladder legs. The DM vector D is uniform
along the leg, is directed oppositely on two legs of the
same ladder and is related by reflection symmetry in the
adjacent ladders. No further constrains for its direction
are present.
The multifrequency ESR spectra have been recorded
in the Kapitza Institute in a custom-made spectrome-
ter equipped with 3He cryostat and 14 T cryomanget.
The m ≈ 100 mg deuterated BPCB crystal (from the
same batch as in Refs. [23, 25]) was placed in the cylin-
dric microwave resonant cavity and the field dependent
transmission spectra were recorded at the cavity eigenfre-
quencies. Two principal magnetic field directions, B ‖ b
and B ‖ N were used. The data were collected well above
the ordered state: from T = 0.45 K to 20 K in a wide
field range.
At T > 10 K we observed normal paramagnetic reso-
nance with the g-factor values 2.18 for B ‖ b, 2.04 and
2.29 for B ‖ N , which are close to the previously re-
ported values [21, 24]. On cooling below T ' ∆ZF this
signal looses intensity and splits, as expected for ESR of
thermally activated triplet excitations [15, 24, 26, 27].
Besides this triplon-related low field absorption, we
have detected a novel signal between two critical fields
Bc1=6.6 T and Bc2=13.6 T at 450 mK (see Fig. 2).
This signal exists in a broad frequency range and looses
intensity on heating (see Fig. 3). Therefore we can state
that the observed modes are solely low-temperature phe-
nomenon and they are connected with presence of TLSL
phase in BPCB. We highlite that the temperature of our
experiment is well above the ordering temperature. This
allows to neglect interladder coupling in further analysis.
Experimentally determined frequency-field diagrams
are shown in Fig. 4. They were fitted by equation:
2pi~ν =
√
∆2 + (geffµB(B −B∗))2, (1)
fit parameters are shown in Fig. 4. The gap ∆/(2pi~)
depends on magnetic field orientation varying from 14 to
22 GHz for the orientations studied. Effective g-factor
values vary from 3.2 to 3.7 for different field directions
and are strongly renormalized compared to the bare val-
ues quoted above.
3Presence of the anisotropic gap and renormalization of
effective g-factor are not captured by a simple Heisenberg
Hamiltonian:
Hˆ =
∑
j
J⊥Sˆj,1Sˆj,2 + J‖(Sˆj,1Sˆj+1,1 + Sˆj,2Sˆj+1,2)
− gµBB(Sˆj,1 + Sˆj,2), (2)
with index j runs along the ladder sites, and second index
enumerates the ladder legs.
For J⊥  J‖, all the low energy properties of ladder (2)
at B > Bc1 will essentially be defined by the two lowest
energy states of the dimer on the rung of the ladder. This
validates a “ladder-to-chain” mapping (see Ref. [12] and
references therein):
Sˆx,y1 = −
Tˆ x,y√
2
, Sˆx,y2 =
Tˆ x,y√
2
, Sˆz1 = Sˆ
z
2 =
1 + 2Tˆ z
4
, (3)
Here, Tˆα are the pseudospin operators that commute just
like the normal spin operators. Assuming that z is the
field direction, the transformed Hamiltonian becomes the
one of an easy plane pseudospin-1/2 chain:
HˆXXZ =
∑
j
J‖(Tˆ xj Tˆ
x
j+1 + Tˆ
y
j Tˆ
y
j+1 +
1
2
Tˆ zj Tˆ
z
j+1)−
−gµB
(
B − J⊥ + J‖/2
gµB
)
Tˆ zj (4)
At a special magnetic field value gµBB
∗ = J⊥ + J‖/2
the system becomes equivalent to a non-magnetized easy
plane chain. Thus, theoretical model [12, 13] predicts
softening of q = 0 excitations at B∗ = (Bc1 + Bc2)/2.
Away from this point excitations spectrum should follow
2pi~ν = gµB |B −B∗|.
Our observations are clearly inconsistent with this ide-
alized Heisenberg model. This urges us to consider the
effect of peculiar type of Dzyaloshinskii–Moriya interac-
tion (uniform along the leg, opposite on different legs)
present in BPCB:
Hˆ′ =
∑
j
D[Sˆj,1 × Sˆj+1,1]−D[Sˆj,2 × Sˆj+1,2]. (5)
The Dzyaloshiniskii–Moriya vector D = (Dx, 0, Dz)
may have both longitudinal and transverse components
with respect to the external field. Under the transfor-
mation (3) the longitudinal part vanishes, and the trans-
formed DM Hamiltonian becomes:
Hˆ′XXZ =
Dx√
2
∑
j
(
Tˆ yj Tˆ
z
i+1 − Tˆ zj Tˆ yj+1
)
. (6)
This means that our effective model is now the one of
a spin chain with uniform DM interaction. Heisenberg
spin chains with this type of interaction are known to
demonstrate gapped ESR spectra at zero magnetic field
[17, 28, 29]. This would, in principle, explain the ob-
served non-vanishing gap at field B∗. The present case,
however, is strongly non-Heisenberg in terms of pseu-
dospin and the effective DM interaction is perpendicular
to the field direction z.
According to Kaplan–Shekhtman–Entin-Wohlman–
Aharony (KSEA mechanism) [30, 31], the possible Dx
term should also be accompanied by a weak symmetric
anisotropy term on the same bond:
Hˆ′′ = δx
∑
j
Sˆxj,1Sˆ
x
j+1,1 + Sˆ
x
j,2Sˆ
x
j+1,2
This is another possible source of non-vanishing gap at
the “compensation field” B∗. After the transformation
it becomes:
Hˆ′′XXZ = δx
∑
j
Tˆ xj Tˆ
x
j+1. (7)
Actually, both Hˆ′XXZ and Hˆ′′XXZ yield effectively the
same relevant interaction responsible for the generation
of the gap [32]. We have checked that δz component of
KSEA generated by Dz does not contribute to the gap
since it does not break the U(1) symmetry around the
field direction z. The effective spin chain Hamiltonian
((4), (6), (7)) can be bosonized using the standard meth-
ods [1, 12, 32]. This yields the effective low-energy field
theory near B ≈ B∗ in the form of sine-Gordon-type
Hamiltonian,
Hˆeff = v
2pi
∫
dx
[
K
(
∂φ
∂x
)2
+
1
K
(
∂θ
∂x
)2]
+λ
∫
dx cos(2θ).
(8)
φ and θ are bosonic fields noncommutative with each
other. K represents the strength of interactions and is
called the Luttinger parameter [1]. The coupling con-
stant λ is proportional to (Dx/J‖)2 for the following rea-
son. The DM interaction (6) directly yields a complex
interaction, cos θ sin(2φ). This interaction itself is negli-
gible in the low-energy Hamiltonian but it generates the
excitation gap indirectly by yielding the relevant interac-
tion cos(2θ) through a second-order perturbative process
to the TLSL [32]. This indirect generation of cos(2θ) can
be regarded as the effective generation of the symmetric
exchange anisotropy (7) [33] by the DM interaction (6).
The cosine interaction potential cos(2θ) pins the θ field
to one of its minima in the ground state. The pinning is
accompanied by a spontaneous breaking of the transla-
tion symmetry Tˆj → Tˆj+1. One of the ground state has
a transverse staggered magnetization 〈∑j(−1)j Tˆ xj 〉 > 0
and the other has 〈∑j(−1)j Tˆ xj 〉 < 0. Once the system
chooses one of the doubly degenerate ground states spon-
taneously, its effective field theory (8) is reduced to be
that of quantum spin chains in a transverse staggered
field [16, 32, 34–36].
Magnetic excitations generated by φ and θ fields were
closely investigated in the context of ESR [34, 36]. Ap-
plying those ESR theories to BPCB, we conclude that
our ESR measurements captured a single soliton (or an
4TABLE I. Comparison of experimentally measured g-factors
with the predictions of TLSL model.
Experiment TLSL theory
g (T > 10 K) geff (T = 0.45 K) (Eqn.(11))
B ‖ b 2.18 ± 0.01 3.32 ± 0.05 3.49
B ‖ N 2.29 ± 0.02 3.67 ± 0.07 3.66
B ‖ N 2.04 ± 0.02 3.40 ± 0.05 3.26
antisoliton) excitations at low temperatures. The soli-
ton and the antisoltion are topological excitations which
cause a tunneling of θ from one minimum of the cosine
potential to another one [37]. In a magnetic field B ≈ B∗,
the pseudospin is bosonized as,
Tˆ+j = e
−iθ
[
(−1)jB∗+b1 cos
(
2φ+2KgµB(B−B∗) x
v~
)]
,
(9)
where B∗ and b1 are nonuniversal constants [1, 18]. The θ
field is pinned to a constant and an operator exp(2iφ(x))
generates a soliton at a position x. ESR thus detects a
delta-function-like peak at a frequency [38]:
2pi~ν =
√
M2 + (2KgµB(B −B∗))2, (10)
which corresponds to an excitation of a soliton [39, 40]
with the mass M , equal to the observed gap ∆, at an
incommensurate wave number q = 2KgµB(B−B∗)/(~v)
along the chain.
The effective g-factor thus turns out to be
geff = 2Kg. (11)
Within the pseudospin approximation (4) the Luttinger
parameter K = 3/4 at B = B∗ [1, 41]. The theoretical
prediction (11) is consistent with the observed anoma-
lously large g factor including its field-orientation depen-
dence. Taking into account higher orders of J‖/J⊥ ex-
pansion [12] one obtains for BPCB K = 0.8 (see details
in [32]), which yields g-factor values close to the experi-
mentally observed one (see Table I).
Unfortunately, it remains challenging to give a micro-
scopic explanation to the field-orientation dependence of
the soliton gap. This is because no microscopic infor-
mation is available yet about the nonuniversal propor-
tionality coefficient between the coupling constant λ and
squares of DM vectors in general field orientations [32].
Still, one can ascertain that at B ‖ N the soliton gap
is decreasing as |B − B∗| increases. This field depen-
dence explains the reason why we observe the gapped
soliton mode in ESR only in the small field range around
B = B∗.
We note that breather modes, which are bound states
of the soliton and the antisoliton, are formed but invisible
in ESR experiment because of a mismatch of wave num-
bers. The breather modes are developed near the wave
number q = pi whereas ESR sees excitations at q ≈ 0.
A staggered DM interaction is requisite for rendering
breathers observable in ESR [34, 36] but it is forbidden
in BPCB by the symmetry.
We also can estimate possible DM vector orientation
from soliton gap values. From the bosonization theory,
we know that ∆ ∝ (D⊥)
4K
4K−1 , where K is the Luttinger
parameter and D⊥ is DM magnitude transverse to the
magnetic field. DM vector directions in inequivalent lad-
ders are linked by crystall symmetry. By taking ratios
of ESR gaps and assuming K = 0.8 as follows from the
TLSL model we obtained DM vector directions (see Fig.
1). Found projections of DM vectors on (bc) plane are
practically the same as in Ref. 24, but our analysis pre-
dicts that DM vector component parallel to the ladder
has approximately the same length as the component
transverse to the ladder. Procedure of estimation is de-
scribed in details in the Supplemental Materials [32].
We also put special emphasis on the coexistence of
the gapless TLSL behavior and the gapped soliton mode.
This coexistence originates from differences of two types
of spin ladders. The spin ladder has the finite soliton
gap in a field range B∗ − δB ≤ B ≤ B∗ + δB, where
δB corresponds to the soliton gap at heff = 0 through
δB = M/(geffµB) [32]. We estimate from our experi-
mental data that the first ladder has the soliton gap for
9.32 T ≤ B ≤ 10.2 T and the second ladder has the gap
for 10.1 T ≤ B ≤ 10.7 T. When the first ladder has
the gap, the second ladder remains gapless in the TLSL
phase, and vice versa. Both spin ladders are gapped si-
multaneously, if they could, in an invisibly narrow field
range.
To summarize, this Letter illustrates how crucial could
be presence of anisotropy in the system, it leads to sym-
metry breaking and ground state changes. Gapped be-
havior of frequency-field dependencies indicates presence
of massive modes at q = 0 in region where massless modes
were expected. The DM vector that breaks the U(1) spin-
rotation symmetry is responsible for the gapped mode.
Our analysis with the DM vector is not only consistent
with a previous ESR theory of BPCB [33] but also pro-
vides more realistic microscopic model of BPCB. This
untypical and unexpected behavior of energy spectra
bridges theory and experiment and provides one more
example of quantitative test of the TLSL model, leading
to the deeper understanding of low-dimensional systems
physics.
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I. XXZ MAPPING
Here, we describe an approximate mapping from the strong-rung spin ladder into an XXZ spin chain. In initial
approximation BPCB in the magnetic field is well-described by a Heisenberg spin ladder model with Zeeman term,
H = J⊥
∑
i=j
Sj,1 · Sj,2 + J‖
∑
n=1,2
∑
j
Sj+1,n − gµB
∑
n=1,2
∑
j
BSzj,n, (1)
When the ladder has a significant rung exchange coupling (J⊥  J‖), the spin ladder system at low energies can be
described as a system of weakly coupled dimers. In the magnetic field (B > Bc1), one antiferromagnetic dimer can
be seen as a two-level energy system of 1/2 pseudospin Tj . Within this approximation, the ladder can be mapped
onto the XXZ chain by the following transformation,
S±j,n =
(−1)n√
2
T±j , S
z
j,n =
1
4
(1 + 2T zj ) (2)
The Hamiltonian of the pseudospin chain is written as,
Heff = J⊥(T xj T xj+1 + T yj T yj+1 + ∆zT zj T zj+1)− heff
∑
j
T zj , (3)
where the uniaxial anisotropy parameter ∆z and the effective field heff are ∆z = 1/2, heff = gµBB − J⊥ − 12J‖ =
gµB(B − B∗). The symmetry of BPCB allows Dzyaloshinskii-Moriya interactions which is uniform on legs and
forbidden on rungs,
H′ =
∑
n=1,2
∑
j
(−1)nD · [Sj,n × Sj+1,n], (4)
Therefore, if we assume D = (Dx, 0, Dz), we can rewrite the pseudospin Hamiltonian as,
Heff = J‖
∑
j
(T xj T
x
j+1 + T
y
j T
y
j+1 +
1
2
T zj T
z
j+1)− heff
∑
j
T zj +
Dx√
2
∑
j
(T yj T
z
j+1 − T zj T yj+1). (5)
The 1D XXZ chain can be described in Tomonaga-Luttinger spin liquid model. Luttinger parameter K with ∆z for
the pseudospin XXZ chain is [1, 2]:
K =
pi
2(pi − cos−1 ∆z) =
3
4
. (6)
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2II. BOSONIZATION
We can bosonize the pseudospin chain using the formula,
Tj = J+ (−1)jN, (7)
with
Jz =
a0
pi
∂xφ, (8)
Nz = a1 cos(2φ), (9)
N+ = b0e
iθ, (10)
J+ = b1e
iθ cos(2φ). (11)
The bosonized Hamiltonian is written as,
Heff = v
2pi
∫
dx
(
K(∂xθ)
2 +
1
K
(∂xφ)
2
)
−heff
pi
∫
dx∂xφ+ cDx
∫
dx cos θ sin(2φ) (12)
where c is a real constant. The last trigonometric term is derived from the following operator product expansion.
∂xφ(x+ a0) cos(2φ(x)) =
i
√
K
2a0
sin(2φ(x)) + · · · , (13)
where less irrelevant interactions are discarded. This operator-product expansion leads to
Dx√
2
∫
dx (Jy(x)Jz(x+ a0)− Jz(x)Jy(x+ a0)) ≈ −Dxb1
pi
√
K
2
∫
dx cos θ(x) sin(2φ(x)) + · · · . (14)
The staggered component Na(x) of the spin operator yields similar but much less relevant interactions. The coefficient
c ≈ −(b1/pi)
√
K/2 is a nonuniversal constant its precise value depends on details of the lattice model. The term
cos θ sin(2φ) does not yield directly the excitation gap. Still, it can yield the excitation gap indirectly by generating
a relevant interaction cos(2θ). The interaction cos(2θ) is effectively generated through the renormalization-group
transformation. Starting from the Hamiltonian (12), we perform the renormalization group transformation repeatedly
to obtain the low-energy one. The low-energy Hamiltonian contains several interactions in addition to those in Eq. (12):
Heff = v
2pi
∫
dx
(
K(∂xθ)
2 +
1
K
(∂xφ)
2
)
−heff
pi
∫
dx∂xφ
+ g1
∫
dx cos θ sin(2φ) + g2
∫
dx cos(2θ) + g3
∫
dx cos(4φ). (15)
The bare values of the coupling constants g2 and g3 are zero. However, they become nonzero in the course of the
renormalization-group transformation. In an early step of the renormalization-group transformation, the coupling
constants g2 and g3 are proportional to (g1)
2 = (cDx)
2 because the operator-product expansion of cos θ sin 2φ with
itself generates cos(2θ):
cos θ(x) sin(2φ(x)) cos θ(y) sin(2φ(y)) =
1
4|x− y|2K cos θ(x) cos θ(y)−
1
4|x− y| 12K sin(2φ(x)) sin(2φ(y)) + · · ·
=
1
8|x− y|2K− 12K cos(2θ(y)) +
1
8|x− y| 12K−2K cos(4φ(y)) + · · · . (16)
This operator-product expansion leads to the following perturbative renormalization-group equations,
dg1(`)
d`
=
(
2− 1
4K
−K
)
g1(`) +
1
8
g1(`){g2(`) + g3(`)}, (17)
dg2(`)
d`
=
(
2− 1
K
)
g2(`) +
1
16
(
g1(`)
)2
, (18)
dg3(`)
d`
= (2− 4K)g3(`) + 1
16
(
g1(`)
)2
. (19)
3Here, ` = ln(a0/a) is a parameter that relates the effective short-range cutoff a with its bare value a0. Because
max{ 1K , 14K + K} < 2 < 4K for heff ≈ 0, two coupling constants g1 and g2 grow in the low-energy limit but the
other one g3 vanishes there. Hence, the cos(4φ) term can be ignored in the low-energy limit. On the other hand, the
cos θ cos(2φ) term is also ignored despite its relevance because the following reason. When the Tomonaga-Luttinger
liquid acquires the excitation gap, either θ or φ is pinned to a certain constant. Because of the commutation relation
[φ(x), ∂y(y)] = ipiδ(y − x), when the θ field is pinned, φ becomes extremely uncertain and vice versa. Such an
interaction only affects the high-energy physics which is out of scope of our study. Therefore, we can take g1 = g3 = 0
in the low-energy Hamiltonian.
We note that can regard the effective generation of cos(2θ) as the generation of the KSEA interaction by the DM
interaction [3],
H′KSEA = δx
∑
j
T xj T
x
j+1. (20)
We have checked that δz component of the KSEA interaction generated by Dz does not contribute to the gap since
it does not break the U(1) symmetry around the field direction z.
Taking into account the effective generation of relevant KSEA interaction and discarding the irrelevant interactions,
we can rewrite low-energy effective Hamiltonian as
Heff ≈ v
2pi
∫
dx
(
K(∂xθ)
2 +
1
K
(∂xφ)
2
)
−heff
pi
∫
dx∂xφ+ λ
∫
dx cos(2θ), (21)
with λ = g2 is a function of (Dx)
2. The excitation gap in the limit of K → 1/2 was discussed in Ref. [4]. Compared
to the K → 1/2 case, the cos(2θ) is more relevant in our case since K ' 3/4. Shifting φ(x)→ φ(x) + Kheffv x, we can
further simplify the Hamiltonian to that of the sine-Gordon theory,
Heff = v
2pi
∫
dx
(
K(∂xθ)
2 +
1
K
(∂xφ)
2
)
+λ
∫
dx cos(2θ). (22)
The ground state of this sine-Gordon theory is doubly degenerate. The ground states break the translation symmetry
spontaneously and have the expectation value 〈cos θ〉 > 0 or 〈cos θ〉 < 0. In other words, the ground state has either
〈ms〉 > 0 or 〈ms〉 < 0, where
ms =
∑
j
(−1)jT xj , (23)
is the transverse Ne´el order of the pseudospin. Once one of the ground states is chosen spontaneously, the excitation
above the ground state is described by another sine-Gordon theory,
Heff = v
2pi
∫
dx
(
K(∂xθ)
2 +
1
K
(∂xφ)
2
)
+ λ˜
∫
dx cos(θ), (24)
with λ˜ ∝ 2λms. Here, we performed a mean-field approximation and replaced cos(2θ) to 2ms cos θ. This replacement
corresponds to the mean-field approximation (T xj )
2 ≈ (−1)j2msT xj to the effective KSEA interaction. Elementary
excitations of the sine-Gordon theory are the soliton and the antisoliton which have the degenerate excitation gap ∆.
The excitation gap is given by [5]:
∆ =
v
2a0
√
pi
Γ( ξ2 )
Γ( 1+ξ2 )
(
a0pi
2
Γ( 11+ξ )
Γ( ξ1+ξ )
λ˜
v
)(1+ξ)/2
, (25)
where ξ is the following parameter,
ξ =
1
8K − 1 . (26)
The Lorentz invariance of sine-Gordon theory determines the dispersion relation of the soliton and the antisoliton:
Es(q) =
√
∆2 + (vq)2. (27)
4III. ESR SPECTRUM
Let us discuss the ESR spectrum of BPCB on the basis of the bosonization analysis developed above. In the
Faraday configuration with the unpolarized microwave, the ESR spectrum I(ω) as a function of frequency with a
fixed magnetic field B is the following (Appendix A of Ref. [6]):
I(ω) ∝ −ω[ImGRS+S−(ω) + ImGRS−S+(ω)], (28)
within the linear response. GRS±S∓(ω) are retarded Green’s functions of the total spin Stot =
∑
n=1,2
∑
j
Sj,n, that is,
GRS±S∓(ω) = −i
∫ ∞
0
dteiωt〈[S±tot(t), S∓tot(0)]〉. (29)
The average 〈·〉 is taken with respect to the original Hamiltonian,
H = J⊥
∑
j
Sj,1 · Sj,2 + J‖
∑
n=1,2
∑
j
Sj,n · Sj+1,n − gµBB
∑
n=1,2
∑
j
Szj,n +
∑
n=1,2
∑
j
(−1)nD · [Sj,n × Sj+1,n]. (30)
The total spin Stot(t) follows the simple equation of motion (hereafter we set ~ = kB = 1),
dS+tot(t)
dt
= i[H, S+tot(t)] = −igµBBS+tot(t) + iA(t), (31)
with A(t) = eiHtAe−iHt and A = [H, S+tot]. The equations of motion for S±tot(t) result in a useful identity [7],
GRS±S∓(ω) =
2〈Sztot〉
ω − gµBB −
〈[A, Sztot]〉
(ω − gµBB)2 +
1
(ω − gµBB)2G
R
AA†(ω) (32)
Now we map the spin ladder to the pseudospin chain. Within the pseudospin approximation, the operators S±tot of
the total spin become
S±tot =
∑
n=1,2
∑
j
S±j,n = 0. (33)
Thus, if we apply the pseudospin approximation to GRS±S∓(ω) directly, we would obtain G
R
S±S∓(ω) = 0. However,
this is not the case. Using the identity (32) and applying the pseudospin approximation to its right-hand side, we
obtain meaningful results to be discussed below. The ESR spectrum I(ω) within the approximation is composed of
the trivial one with the resonance frequency ω = gµBB and the additional one governed by the retarded Green’s
function of A since
− ImGRS+S−(ω) ≈ 2pi〈Sztot〉δ(ω − gµBB)−
1
(ω − gµBB)2 ImG
R
AA†(ω) (34)
Likewise, we obtain
− ImGRS+S−(ω) ≈ 2pi〈Sztot〉δ(ω + gµBB)−
1
(ω + gµBB)2
ImGRAA†(ω) (35)
The retarded Green’s function GRAA†(ω) sometimes plays an important role in ESR. For example, in another spin
ladder compound DIMPY, GRAA†(ω) becomes nonzero because of the uniform DM interaction and yields in additional
resonance peak [8].
Within the pseudospin approximation, the A operator turns into
A = iDz√
2
∑
j
(T zj T
+
j+1 − T+j T zj+1) = −i
√
2a1b0Dz
∫
dxeiθ cos
(
2φ+
2Kheff
v
x
)
. (36)
The operator exp(±2iφ) creates the soliton (+) or antisoliton (−). Because the ground state has 〈cos θ〉 6= 0, the
operator eiθ is basically replacable by a constant as long as we only focus on the lowest-energy excitation created by
A and A′. The lowest-energy excitation created by eiθe±2iφ is the single soliton (or the single antisoliton). One can
5find arguments for the creation and the annihilation of the soliton, the antisoliton, and the breathers in Refs. [9, 10].
Reference [11] discusses selection rules of those excitations in the ESR spectrum.
The A operator gives rise to a delta-function peak,
− ImGRAA†(ω) ∝ δ(ω − ES(2Kheff/v)), (37)
in the ESR spectrum. It is easy to see that −ImGRAA†(ω) contains the same peak. The resonance frequency of this
peak is
ω = ES(2Kheff) =
√
∆2 + (geffµB(B −B∗))2 (38)
with the effective g-factor,
geff = 2Kg. (39)
geff is roughly equal to 3 since K ≈ 3/4 for heff ≈ 0.
The XXZ anisotropy of the pseudospin chain is ∆z = 0.5 because the strong-rung expansion is stopped at the first
order of J‖/J⊥. Taking into account higher orders of this expansion [12], the XXZ anisotropy is modified to be
∆z =
1
2
− 3
8
J‖
J⊥
≈ 0.39 (40)
in the case of BPCB (J⊥ =12.6K, J‖ =3.55 K) if we take into account the second-order term of the strong-rung
expansion. Then, the Luttinger parameter becomes
K =
pi
2[pi − cos−1(0.39)] ≈ 0.80. (41)
It leads to geff ≈ 1.60g and
geff =
{
3.49, (B ‖ b)
3.26 & 3.66, (B ‖ N). (42)
These values are roughly consistent with the experimentally obtained ones.
IV. ESR GAPS
If we would take into account all three components of DM interaction D = (Dx, Dy, Dz), here magnetic field is
applied along z. Hamiltonian in mean-field approximation with effective KSEA interaction is:
Heff ' v
2pi
∫
dx
(
K(∂xθ)
2
+
1
K
(∂xφ)
2
)
+ λ˜
∫
dx cos (θ − αD), (43)
where αD = tan
−1(Dy/Dx),
λ˜ ∝ ms(D2⊥), (44)
D⊥ is the part of DM transverse to the applied magnetic field.
The staggered pseudospin is
ms = 〈cos (θ − αD)〉 ∝ (λ˜)1/(8K−1) = (msD2⊥)
1
8K−1 (45)
Thus we obtain:
ms ∝ (D⊥) 14K−1 (46)
The soliton gap ∆ depends on D⊥ and K as follows:
∆ ∝ (msD2⊥)
1+ 1
8K−1
2 = (D⊥)
4K
4K−1 (47)
6FIG. 1. Geometry of DM vectors in BPCB, field (Latin) and crystal (Greek) related spin coordinate systems.
FIG. 2. The criterion (54) plotted as function of X and Y [see definition (51)] for K = 0.8. Region with χ . 0.1 is highlighted
on the plot.
7Symmetry of BPCB allows the following DM vectors on each of the ladder types: D1 = (Dξ, Dη, Dζ) and D2 =
(−Dη, Dξ, Dζ). Here ζ ‖ a, ξ ‖ N , as shown in Fig. 1. Assuming that the prefactor A is field direction independent,
the gaps for B ‖ N and B ‖ b are:
∆
(1)
N = A(D
2
η +D
2
ζ)
α/2 (48)
∆
(2)
N = A(D
2
ξ +D
2
ζ)
α/2 (49)
∆b = A
(
D2ζ +
(Dξ +Dη)
2
2
)α/2
, (50)
where α = 4K4K−1 . In case of B ‖ b the ladders are equivalent and there is just a single gap ∆b, while for B ‖ N the
gaps in the ladders I and II are ∆
(1)
N and ∆
(2)
N .
It is convenient to introduce a simplified notation for the ratios of the gaps and DM vector components:
∆
(1)
N
∆
(2)
N
= R12,
∆b
∆
(2)
N
= Rb2,
(
Dξ
Dζ
)2
= X,
(
Dη
Dζ
)2
= Y. (51)
In this notation:
R12 =
(
1 + Y
1 +X
)α/2
(52)
Rb2 =
1 + 12
(√
X +
√
Y
)2
1 +X

α/2
(53)
Relations (52) are the important consequence of ’solitonic’ excitation picture. They link the direction of DM vector
in BPCB to the experimentally observed gap ratios.
For a given K = 0.8 that follows from TLSL calculations we need to find the non-negative parameters X and Y
that satisfy relations (52). Thus, one can say that we experimentally determine the orientation of DM vector. We
can define the deviation as:
χ =
√(
RObs12 −RCalc12
RObs12
)2
+
(
RObsb2 −RCalcb2
RObsb2
)2
(54)
As Fig. 2 shows, for K = 0.8 the experimental gap ratio is reproduced for Dξ ' 0 and Dη ' 0.9Dζ . Found
projections of DM vectors on (bc) plane are the same as in Ref. 13, but our analysis predicts that DM vector
component parallel to the ladder has approximately the same length as the component transverse to the ladder. The
resulting orientations of DM vectors in the ladders are shown in Fig. 1.
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